Couches absorbantes parfaitement adapt ees pour les equations paraxiales R esum e : Une nouvelle technique de conditions absorbantes pour les equations paraxiales est pr esent ee et analys ee. L'id ee est d'interpr eter puis de g en eraliser le mod ele de couches propos e par J.P. B erenger pour l' electromagn etisme aux equations de type Schroedinger. Quelques r esultats num eriques montrent la potentialit e de la m ethode
Paraxial equations are now a classical tool in seismic processing. They are partial di erential equations providing approximate solution to the one-way wave equation. Each equation is labelled by an angle that describes the cone of propagation directions that are correctly modelled. Claerbout, 5] , was the rst to introduce fteen degree and forty-ve degree type equations for the extrapolation of 2-D seismic data. Since then, many authors have developed the concept and the use of paraxial equations has been extended to various situations like heterogeneous or 3D media. However, the treatment of the arti cial lateral boundaries, that is of great practical importance, has not given rise to a satisfactory answer up to now. The reason is probably that usual absorbing boundary conditions are not very well suited to this type of equations: as will be shown below, the decomposition of the propagation operator into out-going and in-going parts makes appear the non local operator p @ z which is di cult to handle numerically. In this paper, we propose to adapt a novel technique, introduced for electromagnetism recently 4]. This technique consists in designing an absorbing layer called perfectly matched layer (PML) which possesses the astonishing property of generating no re ection at the interface between the free medium and the arti cial absorbing medium. This property allows us to use a very high damping parameter inside the layer and consequently a small layer length while achieving a quasi-perfect absorption of the waves. 2 The fteen degree paraxial equation 
Condition (4) is rst order with respect to the variable z and thus can be employed as a boundary condition for practical computation. The main drawback is due to the non local character of the operator p @ z : a convolution in z at the arti cial boundary must be performed, 12 ]. An alternative method, proposed by Di Menza, 8], consists in substituting in (4) some approximation of p @ z by rational fractions,
where a`; d`;`= 1; ::; L are real numbers characterizing the approximation and L some integer large enough to obtain a good approximation. The absorbing boundary condition thus obtained can be written as a system of partial di erential equations involving auxiliary functions (one per fraction), We present now an alternative to absorbing boundary conditions based on the construction of an appropriate absorbing boundary layer model. The idea comes from a reinterpretation of B erenger's PML as a change of variable in the complex plane (see appendix B and 14]). For designing our PMLs model, we consider a positive function (s), ( (s) will play the role of a damping factor) and assume (x) = ( 0 for x < 0 0 for x > 0 : (8) We de ne the change of variables, we get
Equation (14) is the sought layer model for the Schr odinger equation (2) . It consists in the simple modi cation @ @x ?! @ @x = i! i! + (x) @ @x ; (15) in the initial equation. This change does not alter the solution in the area of interest (v =ṽ for x < 0). This important property is con rmed by a plane wave analysis ; the plane wave solutions of
are sought in the form 8 > < > :ṽ (x; z) = e ?ikxx + R e ikxx e ikzz x < 0 v(x; z) = T e ?ikxx e ikzz x > 0;
where k x is assumed to be positive (right-going plane wave). T is the transmission coe cient, R the re ection coe cient. (16) 
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The re ection coe cient is zero and the transmission is total for all right-going plane waves. In this sense the layer is perfectly matched. For practical considerations, we cannot work with the absorbing half-space x > 0, but we must deal with a nite length absorbing layer. If is the length of the layer, the system of equations is closed with a Dirichlet boundary condition 8 > < > :
The same plane wave analysis now gives 4] . In this case, R is the re ection coe cient of the \layer" in the sense that the re ection coe cient at x = 0 is zero, the re ection coe cient at x = is ?1 and R describes the percentage of the original wave amplitude after two passes through the PML. The speci city of the wave propagation model only appears in the expression for k x , as given by the dispersion relation.
Let us come back to the point source problem (i.e. problem (21) (29) In other terms, the re ection due to the nite length of the layer can be made arbitrarily small by choosing (s) large enough.
From a mathematical point of view, the PML model can be seen as an evolution variational problem 8 > > > < > > > :
where V is the set of functions v(x) such that both jvj 2 3 Extension to higher order paraxial equations
The higher-order paraxial equations are constructed from approximations of the square root by rational functions, 1]
L is the order of the approximation. The case L = 1, 1 = 1 2 , 1 = 0 corresponds to the previously studied fteen degree approximation. When (32) is used to evaluate the operator p 1 + ! ?2 @ xx , equation (2) must be replaced by 8 > < > :
In order to ensure uniqueness, an appropriate radiation condition at in nity or a limiting absorption (i.e., replace ! by ! + i and pass to the limit ! 0 ? , cf. 10]), must be used. In addition, an initial condition at z = 0, say v(x; z = 0) = v 0 (x) is supposed to be given. The construction of the PML model is very easy to perform: we change the system (33) into
that is, we use formally the substitution @ @x ?! @
As the closed form for the Green function is not known, in contrast to the 15 degree approximation, cf (3), we cannot proceed as above to prove that v ! v for x 0 as R (s)ds increases toward in nity. However, the plane wave analysis describing what happens at a boundary still holds. Indeed, all the required arguments for proving that the re ection coe cient vanishes do not depend on the particular structure of the equation governing the wave: the form of the dispersion relation do not play any role. Let us make this assertion precise: the particular plane wave solutions arẽ
whereṽ is given by (22) and k x is a solution of
The condition of transmission (i.e. the continuity of i! i!+ @ x `a t x = 0) provides the re ection coe cient R = ?e 2ikxx( ) ; ) jRj = e ?2 kx ! R 0 (s)ds ;
INRIA which is nothing else than (24). A direct inspection of equation (38) would lead us to pick the largest possible that would allow us to obtain a re ection as weak as desired. However, this nice property is no longer true when the discretization scheme for numerically solving the equations is used. As a matter of fact, and as we will see below, the discretization of the equations induces a shift between the points located near the interface and thus the layer is only approximately matched. The numerical dispersion induces a re ection at the interface which is roughly proportional to x. We are facing the situation known from classical layer models , cf. 13], where a balance has to be found between choosing not too high (this would create a re ection at the free-medium/absorbing-medium interface) and picking not too low (this would yield an insu cient damping of the waves returned by the Dirichlet conditions).
Discretization of the perfectly matched layer
We begin with a very simple 1D model and consider a right side PMLs model for the equation
where is a parameter, (s) 0 for s < 0 and f(s) 0 for s 0. Let x be a discretization step, a positive parameter less than 1 4 (the parameter is introduced to improve the approximation of the second derivative operator). The discretized scheme is 8 > > > > < > > > > : 
This scheme can be viewed as the discretization of the variational formulation
by piecewise linear nite elements, the mass matrix being a linear combination between the exact matrix and the lumped mass matrix (cf. Appendix E). The scheme is analyzed by a classical discrete plane wave analysis: particular solutions of scheme (41) 
We distinguish between two situations. First, we assume to be constant and rejected to in nity, later we will investigate the case of a nite length layer. In the rst case, the solution satis es are now veri ed for j n`? 1 with the additional condition u n`= 0. This system of n`equations can be viewed as a tridiagonal linear system. The unknowns are u 0 ; u 1 ; ::::; u n`?1 and the second term is a vector all of whose components are zero except for the rst one which is proportional to u ?1 .
Let 
Formula (61) gives the numerical re exion coe cient for the nite length layer. 
( c is picked such that the re exion coe cient for the continuous model as given by (24) with k x = ! is equal to R 0 ). In gure 1, one sees the variation of the numerical re exion coe cient (61) versus the number of points per wavelength N = 2 =(! x) (which is equal, in this case, to the number of points in the layer as the length layer is one wavelength). First, it can be veri ed that the numerical re exion coe cient converges to R 0 , the value derived for the continuous model, when the number of points per wavelength increases: our scheme is found to be consistent. Second, the convergence of the scheme appears to be slower for the small values of R 0 than for the largest one: the theoretical re exion coe cient R 0 is approximately reached for N 5 when R 0 = 0:01, N 10 when R 0 = 0:001 and N 35 when R 0 = 0:0001. Of course, the larger the number of points in the layer is, the smaller the re exion coe cient can be. Finally, we remark that, when N is xed, the smallest re exion coe cient is not necessarily obtained for the largest value of c . This emphasizes the important role played by the numerical dispersion. Let us return to the higher-order paraxial equations described in (33). The discretization of the problem is based upon the following principles, cf. 9], 6]:
Use splitting techniques to reduce the L fractions problem to a serie of L problems with a unique fraction. Integrate in z with an implicit and second order accurate Crank-Nicolson scheme for the z direction (classical explicit schemes in z are unstable). We consider z as an evolution variable. Perform the discretization in x through a variational approach using a uniform mesh and a nite elements/ nite di erences method. 
The discrete harmonic solutions of (65) are sought in the form 
Equation (69) is exactly the numerical scheme we have studied previously (see (40)). The re ection induced by the boundary is characterized by the re ection coe cient R( ; ! x;~ x) given by (61). It is natural to choose~ in order to minimize R for all the angles of incidence contained in the incoming waves, saỹ 
The remaining parameter N = (2 ! x) ?1 has been taken equal to 5, 7, 10, 15, 20, 30, 40. As a result, the optimal values, shown in Table 1 , depend weakly on N, the number of points per wavelength, and the mean value of the re ection coe cient is in any case less than 2 %. Furthermore, we note that this coe cient increases with the number of points per wavelength. 
versus the angle of propagation for di erent number of points per wavelength. Note that, as there is no damping for the propagation at incidence along z, it is only natural that we nd a higher coe cient for the low values of the angle.
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In Figure 3 are shown the values of the modulus of the re ection coe cient R ( ); 1 2 N ;~ x (7) ; (77) as a function of angle of propagation for various numbers of points per wavelength and a xed value of x. The 5 corresponding values for x are determined through the optimization process with 7 points per wavelength. In this case, although the values for x are not optimal when the number of points per wavelengths is not 7, the re ection coe cient remains in the vicinity of some few per cents for the angles larger then 10 degrees (note that a wave associated with equal to 10 degree corresponds to an incidence with respect to the normal of the absorbing layer of 80 degree). These results are somewhat paradoxical: the paraxial equation is designed for waves propagating close to the z direction, but to such waves correspond a large re exion coe cient (see equation (24)). The problem is that the waves propagating vertically are grazing waves when viewed from the arti cial boundary. We will return to this point in the numerical experiments.
Numerical experiments
In order to test the method, we have performed the migration of a point source. The space steps z and x have been chosen equal to 12.5 meters such that one has a discretization of 11 points per wavelength for the frequency corresponding to the highest value ofS(!). We have considered 150 points in the x direction and 100 points in the z direction. The time of the explosion occurrence, t s , is 82 per cent of 50 z=c and the frequency of the signal, 2 ! s , is 10/t s . Finally, the integration over the frequencies has been performed by adding 120 regularly spaced samples up to 8 3 (2 ! s ). In Figure 4 , we have represented four di erent migrated sections for two locations of the source and two boundary conditions. The rst boundary condition corresponds to a Dirichlet boundary condition on both sides of the computational domain. The second one is computed using the PML model with 5 layers of length x for the left side of the model. The 5 corresponding values for x are determined through the optimization process described previously with 10 points per wavelength. The idea is to take the best coefcients for the frequency corresponding approximatively to the maximum of S(!) (note that in this experiment has been chosen independently of the frequency).
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We note that the strong re ection due to the Dirichlet condition cannot be seen any more with the absorbing layer. Even when the source is located rather close to the boundary (15 nodes in x), the PML layer allows us to obtain a pretty good result (see also the third column of Table 2 for quantitative measures). Furthermore, as only 4 extra nodes have been necessary to construct the numerical absorbing layer, the cost induced by the PML is really marginal.
In Figure 5 , similar experiments have been performed with the 60 degree paraxial equation. The same 5 damping coe cients as for the 45 degree paraxial equation have been used. As a result, the use of the PML allows us to eliminate the re ected wave, although the coe cients were not designed for the 60 degree paraxial equation.
More generally, we have performed several experiments with values of (i) x; i = 1; ::5 other than the optimal ones and we have found that the method is not very sensitive to the precise value of the coe cients. It is mainly the order of magnitude of the coe cients that is important.
To where the indexes i and k cover 1; ::; L=h and 1; :::; Z= z. Table 2 gives the error for di erent choices of the ve coe cients (i); i = 1; ::; 5 and two locations of the source. In any case the error is roughly several tenth of a percent while the error for the Dirichlet condition is from 6 to 29 per cent. These errors have to be compared with those due to the dispersion of the scheme. The reference solution has been recomputed with all the discretization steps divided by a factor 6 thus allowing us to estimate the relative error of the dispersion e ects. We have found a relative error of 1.1 % for 1 and 0.4 % for 2 which is of the same magnitude than the error due to the PMLs. ( 2 ) and L 1 norm ( 1 ) of the relative error due to the lateral boundary condition. Comparison between the Dirichlet boundary condition and the PML with the coe cients optimized for a speci c value of N, the number of points per wavelength.
We address now the question of the ability of the PML to absorb the waves propagating close to the vertical. For this, new experiments with a domain of interest of 32 points in the x direction and 200 points in the z direction are considered. In such a domain, waves propagate quasi-vertically and dispersion e ects are attenuated allowing us to use half as many points per wavelength as in the previous experiments (the frequency of the signal, 2 ! s , is chosen equal to 20/t s ).
In Figure 6 , we compare the solution computed in a large domain (320h) with solutions computed in smaller domains, namely 42h or 52h. On both boundaries a Dirichlet condition or a PML condition with 5 or 10 points in the layer is imposed. The coe cients of the layer are the optimized coe cients for N = 5 (see table 3 ). We can see that the spurious re exions due to the Dirichlet boundary condition are greatly attenuated. This is con rmed by the evaluation of the errors in Table ( x(5) = 0.77180 x(10) = 10.0447 Table 3 : Values of the optimized coe cients associated to N = 5 for 5h and for 10h PML. source in a media with velocity law described in gure 7. The improvement between the Dirichlet condition ( gure 8, left) and the PML technic ( gure 8 right), left) demonstrates that the method can also handle heterogeneous media very e ciently.
Conclusion
We have designed and analyzed a new absorbing layer model for the wide angle paraxial equations. The method is based on an interpretation and an extension of the B erenger perfectly matched layers for Maxwell's equations. The model is parameterized by a damping function whose optimal choice is linked to the discretization step. A discrete plane wave analysis, which determines the re ection coe cient, shows the important role played by the discretization. We obtain an optimal damping function by minimizing this coe cient for all the angles of propagation. The e ciency of the method has been demonstrated by numerical experiments. Finally, let us note that the same method can be used for the arti cial condition in the Schrodinger equation. This is precisely the subject of 15] that deals with the beam propagation method for applications in optics. 
We look for the solution of 
At this stage, equations (89) and (90) are equivalent to the initial problem.
In a second step, a damping factor (x), ( (x) = 0 for x < 0) is introduced in each equation wherever the normal derivative operator @ 
In the region where is zero, we recover the well known property that, the magnetic eld of a non-stationary 2D transverse electric wave satis es the Helmoltz equation. Inside the layer, we remark that the PML model consists in the simple substitution @ @x ?! @ These estimations allow us to use the standard Galerkin method and to prove that u h has a limit, as h goes to zero, and is continuous in z with values in V (cf 7] ). Of course, the same estimations hold for every solution of problem (30) which establishes uniqueness. Let us remark that this result is very poor, as we used the fact that was constant in the whole domain. Its is of interest in that it points out the importance of the positiveness of for the well-posedness of the problem.
Taking a linear combination of (105) and (106) 
